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Abstract: By presenting the mass-independent potentials of the Kaluza-Klein (KK)
modes in the corresponding Schro¨dinger equations, we investigate the localization and
mass spectra of various bulk matter fields on an AdS thick brane. For a spin 0 scalar
Φ coupled with itself and the domain-wall-forming field φ via a coupling potential V =
(λφ2−u2)Φ2+τΦ4, the localization and spectrum are decided by a critical coupling constant
λ0. When λ > λ0, the potential of the scalar KK modes in the corresponding Schro¨dinger
equation tends to infinite when far away from the brane, which results in that there exist
infinite discrete scalar bound KK states, and the massless modes could be trapped on the
AdS brane by fine-tuning of parameters. When λ < λ0, the potential of the scalar KK
modes tends to negative infinite when far away from the brane, hence there does not ex-
ist any scalar bound KK state. For a spin 1 vector, the situation is same like the scalar
with a coupling constant λ > λ0, but the zero mode can not be localized on the brane.
For a spin 1/2 fermion, we introduce the usual Yukawa coupling ηΨ¯φΨ, and find that the
localization of the fermion is decided by a critical coupling constant η0. For η > η0, the
four-dimensional massless left chiral fermion and massive Dirac fermions consisted of the
pairs of coupled left-hand and right-hand KK modes could be localized on the AdS brane,
and the massive Dirac fermions have a set of discrete mass spectrum. While for the case
0 < η < η0, no four-dimensional Dirac fermion can be localized on the AdS brane.
Keywords: Large Extra Dimensions, Field Theories in Higher Dimensions, Brane world.
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1. Introduction
The proposal that our observed four-dimensional universe as a sub-manifold is embedding in
a higher dimensional space, has received a considerable attention. Branes naturally appear
in string/M-theory context and provide a novel mode for discussing phenomenological
and cosmological issues related to extra dimensions. The idea that extra dimensions may
not be compact [1, 2, 3, 4, 5] or large [6, 7] can supply new insights for solving gauge
hierarch problem [7] and cosmological constant problem [1, 3, 8]. The framework of brane
scenarios is that gravity is free to propagate in all dimensions, however all matter fields
are confined to a 3-brane with no contradiction with present gravitational experiments
[1, 2, 7]. In Randall-Sundrum (RS) brane model [4], the internal manifold does not need to
be compactified to the Planck scale any more, it can be large, or even infinite non-compact.
But in this model, the branes are very idealized because of their thickness is neglected. It
is also widely considered that the most fundamental theory would have a minimal length
scale.
Since thick brane scenarios based on gravity coupled to scalars have been constructed,
more and more authors have investigated the thick brane scenario in higher dimensional
space-time [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. In these models, there is an interesting
feature that we can obtain branes naturally without introducing them by hand in the action
of the theory [9]. In this scenario the scalar fields do not play the role of bulk fields but
provide the “material” from which the thick branes are made of. For a comprehensive
review on thick branes please see Ref. [20].
In brane world scenarios, there is an important problem: whether various bulk fields
could be localized on the brane by a natural mechanism. Generally, massless scalar fields
[21] and graviton [4] can be localized on brane of different types. Vector fields can be
localized on the RS brane in some higher-dimensional cases [22] or on the thick dS brane
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and Weyl thick brane [23]. It is important that whether the fermions could be localized on
the thick branes. Without introducing the scalar-fermion coupling, fermions do not have
normalizable zero modes in five and six dimensions [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 37, 38, 39]. In some cases, with scalar-fermion coupling, one can obtain
a single bound state and a continuous gapless spectrum of massive fermion Kaluza–Klein
(KK) states [23, 40]. In some other brane models, one can obtain finite discrete KK states
(mass gap) and a continuous gapless spectrum starting at a positive m2 [41, 42, 43].
In Ref. [42], the authors have investigated the localization and mass spectra of various
matter fields on the symmetric and asymmetric dS thick branes. For scalar and vector
fields, the potentials of the KK modes in the corresponding Schro¨dinger equations are the
modified Po¨schl-Teller potentials. In this case, there exist finite mass gap and a series of
continuous spectrum. For fermions, when one introduces the usual Yukawa coupling, there
exists no mass gap but a continuous gapless spectrum of KK states. While in Ref. [43], the
same problem of various matter fields on a family of thick brane configurations in a pure
geometric 5-dimensional spacetime was studied. It was shown that, for a class of brane
configurations, there exists a continuum gapless spectrum of KK modes with any m2 > 0
for scalars, vectors and ones of left chiral and right chiral fermions. However, for a special
of brane configuration, there exist mass gap and a series of continuous spectrum starting
at positive m2 for scalars, vectors and fermions.
Recently, “Locally localized gravity” solutions with AdS4 and dS4 brane cosmology
has been presented in Ref. [25]. In the case of a brane with AdS4 cosmology, the warp
factor grows exponentially when far from the brane. However, when closes to the brane,
the metric behaves like the decreasing warped metric associated with a Minkowski brane,
and it is this local behavior that is responsible for confining gravity to the brane [25, 44, 45].
Confinement of the fermion zero mode on the AdS4 brane has been discussed in Ref. [25],
and the localization conditions for left-handed and right-handed fermion zero modes were
obtained. In this paper, in order to reveal the rich structures of the AdS4 brane from
other point of view, we would like to investigate further the localization problem of various
spin massive mater fields (scalars, vectors and fermions) on the brane. We find the results
especially for scalars and fermions are very nontrivial and have not been reported in the
literature: For a spin-0 scalar Φ coupled with itself and the background scalar φ via the
coupling potential (λφ2−u2)Φ2+τΦ4, we find that the localization characteristic is related
closely to a critical coupling constant λ0. When λ > λ0, there exist a series of discrete
bound KK modes and the zero mode could be trapped on the AdS thick brane by fine-
tuning of parameters. However, when λ < λ0, there does not exist any bound KK modes.
For a spin-1 vector, there exist infinite massive bound KK modes, but the massless mode
could not be trapped on the AdS brane. For a fermion coupled with the background scalar
via the usual Yukawa coupling ηΨ¯φΨ, in order to get a series of four-dimensional massive
Dirac fermions and a massless left chiral fermion, the coupling constant η should larger
than a critical coupling constant η0.
The organization of the paper is as follows: In Sec. 2, we first review the AdS thick
brane in 5-dimensional space-time. Then, in Sec. 3, we study the localization and mass
spectra of various bulk fields on the AdS thick brane by presenting the potentials of the
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corresponding Schro¨dinger problem. For scalar fields, we introduce the Higgs coupling and
discuss the spectra of scalars in detail. For vector fields, we obtain infinite bound states
and infinite mass gaps. For spin 1/2 fermions, we introduce the usual Yukawa coupling
and discuss the spectra of fermions in detail. Finally, our conclusion is given in Sec. 4.
2. Review of anti-de Sitter thick brane
Let us consider thick branes arising from a real scalar field φ with a scalar potential V (φ).
The action for such a system can be expressed as
S =
∫
d5x
√−g
[
1
2κ25
R− 1
2
gMN∂Mφ∂Nφ− V (φ)
]
, (2.1)
where R is the scalar curvature and κ25 = 8πG5 with G5 the 5-dimensional Newton constant.
Here we set κ5 = 1. The line-element for a 5-dimensional spacetime is assumed as
ds2 = gMNdx
MdxN = e2A(y)gˆµν(x)dx
µdxν + dy2, (2.2)
where e2A(y) is the warp factor and y stands for the extra coordinate. We suppose that
gˆµν is some general 4-dimensional metric. The scalar field is considered to be a function of
y only, i.e., φ = φ(y). In the model, the potential could provide a thick brane realization,
and the soliton configuration of the scalar field dynamically generates the domain wall with
warped geometry. The field equations generated from the action (2.1) with the ansatz (2.2)
reduce to the following coupled nonlinear differential equations
φ′2 = −3A′′ − γe−2A, (2.3)
V (φ) =
1
2
φ′2 − 6A′2 + 2γe−2A, (2.4)
dV (φ)
dφ
= φ′′ + 4A′φ′, (2.5)
where the prime denotes derivative with respect to y and γ is some constant such that
Gˆµν = γgˆµν . In the case of an AdS brane cosmology, γ is negative, while for a dS brane
cosmology we have γ > 0. Minkowski space corresponds to the case γ = 0.
We consider a trial warp factor of the form [25],
eA(y) = a cosh(cy) + b sech(cy), (2.6)
where a and b are dimensionless constants and c = r
√
|γ|
3 with r a positive constant. Then
Eq. (2.3) becomes
φ′2 =
−|γ|[
a cosh(cy) + b sech(cy)
]2
{
γ
|γ| + r
2
[
a(a+ 4b)− 4ab sech2(cy) − b2sech4(cy)
]}
.(2.7)
If the r.h.s. of the above equation is always positive and to facilitate an analytic solution,
we should impose the relation
− γ|γ| = r
2
(
4a2 + a(a+ 4b)
)
. (2.8)
– 3 –
Then Eq. (2.7) reduces to
φ′2 = |γ|r2sech2(cy)
(
2a+ b sech2(cy)
a+ b sech2(cy)
)2
, (2.9)
which can be solved as [25]
φ(y) = ±
√
3
[
arctan sinh(cy) +
√
a
a+ b
arctan
(√
a
a+ b
sinh(cy)
)]
. (2.10)
The potential V can easily be expressed as a function of y:
V (y) =
r2|γ|[
a+ b sech2(cy)
]2
[
− 2a(3a + 2b)sech2(cy)− 2b(a+ b)sech4(cy)
+
5
2
b2sech6(cy)− 2a2
]
. (2.11)
Generally, V can not be written analytically in term of standard function of φ, however V
can always be expressed numerically as a well-defined function of φ.
In this paper we would like to investigate the AdS brane cosmology, so γ is negative,
and by Eq. (2.8), this is equivalent to requiring
5a2 + 4ab > 0. (2.12)
3. Localization of various matters on an AdS thick brane
In this section, we will investigate whether various bulk mater fields such as spin-0 scalars,
spin-1 vectors and spin-1/2 fermions can be localized on the AdS thick brane by means
of the gravitational interaction. Certainly, we have implicitly assumed that various bulk
mater fields considered below make little contribution to the bulk energy so that the so-
lutions given in previous section remain valid even in the presence of bulk fields. We will
also discuss the spectra of various mater fields on the AdS thick brane by presenting the
potential of the corresponding Schro¨dinger equation for KK modes of various matter fields.
In order to get mass-independent potentials, we will follow Ref. [4] and change the
metric given in (2.2) to following one
ds2 = e2A(z)
(
gˆµνdx
µdxν + dz2
)
(3.1)
by performing the coordinate transformation
dz = e−A(y)dy. (3.2)
Then, we can obtain the following expression
z(y) =
∫
e−A(y)dy =
√
1
a(a+ b)
1
c
arctan
[√
a
a+ b
sinh(cy)
]
. (3.3)
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From this expression, it can be seen that z → ± π2c
√
1
a(a+b) , when y → ±∞, so the range
of z is −zmax < z < zmax with zmax defined by
zmax =
π
2c
√
1
a(a+ b)
. (3.4)
Inverting Eq. (3.3), y(z) can be solved easily as
y(z) =
1
c
arcsinh
[√
a+ b
a
tan
(√
a(a+ b) cz
)]
. (3.5)
Due to this transformation, eA and φ can be rewritten as functions of z:
eA(z) =
√
a(a+ b) sec2
(√
a(a+ b) cz
)
√
a+ (a+ b) tan2
(√
a(a+ b) cz
) , (3.6)
φ = ±
√
3
[
arctan
(√
a+ b
a
tan
(√
a(a+ b) cz
))
+ acz
]
. (3.7)
In next subsections, it can be seen that the mass-independent potentials can be ob-
tained conveniently with the conformally metric (3.1).
3.1 Spin-0 scalar fields
Firstly, we will investigate localization of real scalar fields on the AdS brane which obtained
in previous section. We start by considering the action of a real scalar Φ coupled to itself,
gravity and the domain-wall-forming field φ [19]:
S0 =
∫
d5x
√−g
[
− 1
2
gMN∂MΦ∂NΦ− V (Φ, φ)
]
, (3.8)
where V (Φ, φ) is a coupling potential of Φ to itself and to the domain-wall-forming field φ,
which also called as Higgs potential, and V (Φ, φ) should include Φ, Φ2, Φ3, Φ4 and (φΦ)2
terms, but by considering a discrete symmetry, Φ and Φ3 terms can be eliminated. So we
can set [19]
V (Φ, φ) = (λφ2 − u2)Φ2 + τΦ4. (3.9)
Using the conformal metric (3.1), the equation of motion derived from (3.8) reads as
1√−gˆ ∂µ(
√
−gˆgˆµν∂νΦ) + e−3A∂z
(
e3A∂zΦ
)− e2AU(φ)Φ = 0, (3.10)
where U(φ) is defined by
∂V (Φ, φ)
∂Φ
= U(φ)Φ +O(Φ3), (3.11)
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and is calculated from Eq. (3.9) as
U(φ) = 2(λφ2 − u2). (3.12)
Then, by making use of the KK decomposition Φ(x, z) =
∑
n Φn(x)χn(z)e
−3A/2 and de-
manding Φn(x) satisfies the 4-dimensional massive Klein–Gordon equation(
1√−gˆ ∂µ(
√
−gˆgˆµν∂ν)−m2n
)
Φn(x) = 0, (3.13)
we can obtain the equation for the scalar KK mode χn(z):[−∂2z + V0(z)]χn(z) = m2nχn(z), (3.14)
which is a Schro¨dinger equation with the effective potential given by
V0(z) =
3
2
∂2zA+
9
4
(∂zA)
2 + e2AU(φ)
=
3
2
∂2zA+
9
4
(∂zA)
2 + 2e2A(λφ2 − u2). (3.15)
Here mn is the mass of the KK excitation. It is clear that V0(z) defined in (3.15) is a
4-dimensional mass-independent potential.
The full 5-dimensional action (3.8) reduces to the standard 4-dimensional action for
the massive scalars
S0 = −1
2
∑
n
∫
d4x
√
−gˆ
(
gˆµν∂µφn∂νφn +m
2
nΦ
2
n
)
, (3.16)
when integrated over the extra dimension, in which it is required that Eq. (3.14) is satisfied
and the following orthonormality condition is obeyed:∫ zmax
−zmax
dz χm(z)χn(z) = δmn. (3.17)
We will consider two cases in this section. Firstly, we choose U(φ) = 0, that means
the scalar field Φ does not couple to itself and the background scalar field φ(z). Secondly,
we set U(φ) = 2(λφ2 + u2), and consider the scalar field Φ coupled to itself and φ(z).
For the AdS brane world solution (3.6) and U(φ) = 0, the potential corresponding to
(3.15) is
V0(z) = −
3ac2(a+ b) sec2
(√
a(a+ b) cz
)
8
[
2a+ b− b cos
(
2
√
a(a+ b) cz
)]2
×
{
− 28a2 − 24ab− 14b2 + (12a2 + 48ab+ 17b2) cos
(
2
√
a(a+ b) cz
)
− 2b(4a + 3b) cos
(
4
√
a(a+ b) cz
)
+ 3b2 cos
(
6
√
a(a+ b) cz
)}
. (3.18)
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It is clear that the potential V0 has the asymptotic behavior: V0(z → ±zmax) → ∞. For
this potential, we can obtain the scalar zero mode χ0(z) by setting m0 = 0:
χ0(z) ∝ e
3
2
A(z). (3.19)
It can be seen that, when z → ±zmax, this zero mode has the asymptotic behavior: χ0 →
±∞, which is physically unacceptable. So it is clear that the zero mode could not be
trapped on the AdS thick brane (see Fig. 1).
-3 -2 -1 1 2 3 z
-1
-0.5
0.5
1
1.5
2
2.5
3
V0,Χ0
Figure 1: The shapes of the potential V0(z) (the dashed line) and the zero mode χ0(z) (the thin
line). The parameters are set as λ = 0, a = 0.2, b = 0.8, r = 1, γ = −3 and u = 0.
However, from the potential V0(z) (3.18), we know that there are infinite bound KK
modes. We can numerically solve Eq. (3.14), and the lower bound KK modes are plotted
in Fig. 2 and the spectrum of the KK modes is listed as follows:
m2n = {0.31, 1.87, 3.25, 5.32, 7.69, 10.52, 13.74, 17.38, 21.44, 25.93, · · · }, (3.20)
where the parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3. So, the minimum
mass of a 4-dimensional scalar with mass defined in Eq. (3.13) in background of an AdS
brane cosmology is not zero, and all the 4-dimensional scalars must be massive and can be
localized on the AdS thick brane. We plot the m2n spectrum of the KK modes in Fig. 5.
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(a) n = 1
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Figure 2: The shapes of the scalar bound KK modes χn(z). The parameters are set as λ = 0,
a = 0.2, b = 0.8, r = 1, γ = −3.
Next, we will consider the case U(φ) = 2(λφ2−u2), namely, the scalar field Φ coupled
– 7 –
to itself and the background scalar φ(z). The potential corresponding to (3.15) is
V0(z) = −
3ac2(a+ b) sec2
(√
a(a+ b) cz
)
8
[
2a+ b− b cos
(
2
√
a(a+ b) cz
)]2
×
{
− 28a2 − 24ab− 14b2 + (12a2 + 48ab+ 17b2) cos
(
2
√
a(a+ b) cz
)
− 2b(4a + 3b) cos
(
4
√
a(a+ b) cz
)
+ 3b2 cos
(
6
√
a(a+ b) cz
)}
+
2a(a+ b)2
{
3λ
[
acz + arctan
(√
a+b
a tan(
√
a(a+ b)cz)
)]2
− u2
}
[
a+ (a+ b) tan2(
√
a(a+ b)cz)
]
cos4(
√
a(a+ b)cz)
. (3.21)
When z → ±zmax, the even potential V0(z) can be reduced to
V0(z → ±zmax)→
15c2 + 8
[
λφ(zmax)
2 − u2]
4c2
(
z ∓ π
2
√
a(a+b) c
)2 , (3.22)
from which we find that the coupling constant λ has a critical value λ0, which can be
expressed as
λ0 =
8u2 − 15c2
8φ(zmax)2
. (3.23)
For λ > λ0 and λ < λ0, the potential V0 has different asymptotic behavior at z → ±zmax.
This can be seen from Fig. 3. For λ > λ0, the potential V0(z → ±zmax) → +∞. While
for λ < λ0, V0(z → ±zmax)→ −∞. Following, we will discuss the two cases of λ > λ0 and
λ < λ0, respectively.
We first consider the case of λ > λ0, for which the potential V0 (3.21) has an infinite
deep well (see Fig. 3(a)), and supports infinite discrete bound KK modes. When we set
λ > λ0 and fix the value of λ, if we choose a proper parameter u, the zero mode can be
localized on the AdS brane, and if we increase the value of u, there will be exist the bound
state solutions with m2n < 0. In the following discussion, we will set the λ > λ0 and fix
the value of λ, and choose a proper u for the zero mode localization. Then we can solve
numerically Eq. (3.14), and the lower bound KK modes are plotted in Fig. 4 and the
spectrum of the KK modes is listed as follows:
m2n = {0, 5.867, 10.058, 13.593, 18.122, 22.651, 27.568, 32.883, 38.602, 44.726, · · · },(3.24)
where the parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3, λ = 1.460 and u = 1.156.
So from the numerical solution, we know that the zero mode could be trapped on the AdS
brane by fine-tuning of parameters, and all the 4-dimensional massive scalar fields can be
trapped on the AdS thick brane. We plot the m2n spectrum of the KK modes in Fig. 5.
Comparing these two cases, we can see that the four-dimensional scalars would get larger
mass when a coupling potential with a positive coupling constant is introduced.
– 8 –
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(a) λ > λ0
-3 -2 -1 1 2 3 z
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-25
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Figure 3: The shapes of the potential V0(z). The parameters are set as a = 0.2, b = 0.8, r = 1,
γ = −3 and u = 3. In Fig. (a), we set λ > λ0 = 0.460, and λ = 0.560 for the thick line, λ = 1.460
for the dashed line, λ = 2.460 for the thin line. In Fig. (b), we set λ < λ0, and λ = 0.360 for the
thick line, λ = −0.540 for the dashed line, λ = −1.540 for the thin line.
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Figure 4: The shapes of the scalar bound KK modes χn(z). The parameters are set as a = 0.2,
b = 0.8, r = 1, γ = −3, λ = 1.460 and u = 1.156 .
Scalars Scalars
HΛ=0,u=0L HΛ=1.460, u=1.156L
Figure 5: The m2
n
spectrum of the scalar KK modes. The parameters are set as a = 0.2, b = 0.8,
r = 1, γ = −3.
For the case of λ < λ0, the potential V0 (3.21) has no well (see Fig. 3(b)), therefor all
the scalar KK modes could not be localized on the AdS thick brane.
At the end of this section we will investigate the property of the coupling potential.
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Figure 6: The shapes of the potential V (Φ, φ). The parameters are set as a = 0.2, b = 0.8, r = 1,
γ = −3, τ = 1 and u = 1.156, from which we have λm = 0.086. The range of φ is from −φ(zmax)
to +φ(zmax). In Fig. (a), we set λ = 1.460 > λm. In Fig. (b), we set λ = 0.086 = λm. In Fig. (c),
we set λ = 0.020 < λm.
From the expression (3.9), we can set λmφ(zmax)
2 − u2 = 0, and we can obtain
λm =
u2
φ(zmax)2
. (3.25)
When λ > λm, we have plotted the coupling potential V (Φ, φ) in Fig. 6(a). We can see
that, if Φ → 0 as z → ±zmax, then (φ ,Φ) = (±φ(zmax), 0) are the global minima of the
potential. Because φ forms the domain wall and φ ∼ 0 inside the wall, so the leading term
of V (Φ, φ) is −u2Φ2, which indicates that the Φ = 0 solution is unstable there [19]. When
far from the domain wall, φ→ ±φ(zmax) and (φ ,Φ) = (±φ(zmax), 0) are the global minima
of the potential, so the Φ = 0 solution is stable there. When λ = λm (see Fig. 6(b)), the
conclusion is the same as the case of λ > λm. When λ < λm (see Fig. 6(c)), there is no
stable solution. From Eqs. (3.23) and (3.25), we have λm > λ0, so when λ > λm(> λ0),
the Φ = 0 solution is stable at z → ±zmax and all the 4-dimensional scalars are localized
on the thick brane.
3.2 Spin-1 vector fields
Secondly, we will investigate localization of spin-1 vector fields on the AdS brane. We begin
with the 5-dimensional action of a vector field
S1 = −1
4
∫
d5x
√−g gMNgRSFMRFNS , (3.26)
where FMN = ∂MAN −∂NAM is the field tensor as usual. From this action, one can obtain
the equations of motion
1√−g∂M (
√−ggMNgRSFNS) = 0. (3.27)
By using of the background geometry (3.1), the equations of motion read as
1√−gˆ ∂ν(
√
−gˆ gˆνρgˆµλFρλ) + gˆµλe−A∂z
(
eAF4λ
)
= 0, (3.28)
∂µ(
√
−gˆ gˆµνFν4) = 0. (3.29)
– 10 –
Because the fourth component A4 has no zero mode in the effective 4D theory, we assume
that it is Z2-odd with respect to the extra dimension z. Furthermore, in order to consistent
with the gauge invariant equation
∮
dzA4 = 0, we choose A4 = 0 by using gauge freedom.
Under the assumption, the action (3.26) becomes
S1 = −1
4
∫
d5x
√−g
{
gµαgνβFµνFαβ + 2e
−Agµν∂zAµ∂zAν
}
. (3.30)
Then, using the decomposition of the vector field Aµ(x, z) =
∑
n a
(n)
µ (x)ρn(z)e
−A/2 and
the orthonormality condition ∫ zmax
−zmax
dz ρm(z)ρn(z) = δmn, (3.31)
the action (3.30) reduces to
S1 =
∑
n
∫
d4x
√
−gˆ
(
− 1
4
gˆµαgˆνβf (n)µν f
(n)
αβ −
1
2
m2n gˆ
µνa(n)µ a
(n)
ν
)
, (3.32)
where f
(n)
µν = ∂µa
(n)
ν −∂νa(n)µ is the 4-dimensional field strength tensor. In above reduction,
we need that the ρn(z) satisfies the following Schro¨dinger equation[−∂2z + V1(z)] ρn(z) = m2nρn(z), (3.33)
with the mass-independent potential V is given by
V1(z) = −
a(a+ b)c2 sec2
(√
a(a+ b) cz
)
16
[
a+ b sin2
(√
a(a+ b) cz
) ]
×
{
− 20a2 − 16ab− 10b2 + (4a2 + 32ab+ 11b2) cos
(
2
√
a(a+ b) cz
)
− 2b2 cos
(
4
√
a(a+ b) cz
)
+ b2 cos
(
6
√
a(a+ b) cz
)}
. (3.34)
The potential also has the asymptotic behavior like that of scalar fields. As same as the
discussion about scalar fields, by setting m0 = 0 we can obtain the zero mode
ρ0(z) ∝ e
1
2
A(z), (3.35)
which also could not be trapped on the AdS thick brane (see Fig. 7). While, it can be
seen from the potential V1 that there are infinite bound states for the vector KK modes.
By numerical calculation, we can plot the bound states (see Fig. 8) and obtain the mass
spectrum:
m2n = {0.28, 1.21, 2.34, 3.98, 5.96, 8.37, 11.16, 14.37, 17.97, 21.97, · · · }, (3.36)
where we have set a = 0.2, b = 0.8, r = 1, γ = −3. The mass of ground state is
m1 =
√
0.28 = 0.53. It is shown that a spin-1 massless vector field is not localized on AdS
thick brane. However, massive vector fields can be localized on the AdS thick brane. The
mass spectrum (3.36) is plotted in Fig. 9.
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Figure 7: The shapes of the potential V1(z) (the dashed line) and the zero mode ρ0(z) (the thin
line). The parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3.
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Figure 8: The shapes of the bound KK modes ρn(z) of vector fields. The parameters are set as
a = 0.2, b = 0.8, r = 1, γ = −3.
Vector fields
Figure 9: The spectrum m2n of the KK modes of vector fields. The parameters are set as a = 0.2,
b = 0.8, r = 1, γ = −3.
3.3 Spin-1/2 fermion fields
Finally, we will study localization of fermions on the AdS thick brane. In five dimensions,
fermions can be described by four component spinors and their Dirac structure can be
described by ΓM = eM
M¯
ΓM¯ with eM
M¯
the vielbein and {ΓM ,ΓN} = 2gMN . In this paper,
M¯ , N¯ , · · · = 0, 1, 2, 3, 5 and µ¯, ν¯, · · · = 0, 1, 2, 3 denote the 5D and 4D local Lorentz indices
respectively, and ΓM¯ are the flat gamma matrices in five dimensions. In our set-up, the
– 12 –
vielbein is given by
e M¯M =
(
eAeˆ ν¯µ 0
0 eA
)
, (3.37)
ΓM = e−A(eˆµν¯γν¯ , γ5) = e−A(γµ, γ5), where γµ = eˆ
µ
ν¯γ
ν¯ , γν¯ and γ5 are the usual flat gamma
matrices in the 4D Dirac representation. The Dirac action of a massless spin-1/2 fermion
coupled to gravity and the background scalar φ(y) can be expressed as
S 1
2
=
∫
d5x
√−g [Ψ¯ΓM (∂M + ωM )Ψ− ηΨ¯F (φ)Ψ] . (3.38)
Here ωM is the spin connection defined as ωM =
1
4ω
M¯N¯
M ΓM¯ΓN¯ and
ωM¯N¯M =
1
2
eNM¯ (∂Me
N¯
N − ∂Ne N¯M )−
1
2
eNN¯ (∂Me
M¯
N − ∂Ne M¯M )
−1
2
ePM¯eQN¯ (∂P eQR¯ − ∂QePR¯)e R¯M . (3.39)
The non-vanishing components of the spin connection ωM for the background metric (3.1)
are
ωµ =
1
2
(∂zA)γµγ5 + ωˆµ, (3.40)
where µ = 0, 1, 2, 3 and ωˆµ =
1
4 ω¯
µ¯ν¯
µ Γµ¯Γν¯ is the spin connection derived from the metric
gˆµν(x) = eˆ
µ¯
µ (x)eˆ ν¯ν (x)ηµ¯ν¯ . Then we can obtain the equation of motion{
γµ(∂µ + ωˆµ) + γ
5 (∂z + 2∂zA)− η eAF (φ)
}
Ψ = 0, (3.41)
where γµ(∂µ + ωˆµ) is the Dirac operator on the brane.
Now we will investigate the 5-dimensional Dirac equation (3.41), and write the spinor in
terms of 4-dimensional effective fields. On account of the Dirac structure of the fifth gamma
matrix γ5, we expect that the left- and right-handed projections of the four dimensional
part to behave differently. From the equation (3.41), we will search for the solutions of the
general chiral decomposition
Ψ = e−2A
(∑
n
ψLn(x)Ln(z) +
∑
n
ψRn(x)Rn(z)
)
, (3.42)
where ψLn(x) = −γ5ψLn(x) and ψRn(x) = γ5ψRn(x) are the left-handed and right-handed
components of a 4D Dirac field, respectively. Hence, we assume that ψL(x) and ψR(x)
satisfy the 4D massive Dirac equations γµ(∂µ + ωˆµ)ψLn(x) = mnψRn(x) and γ
µ(∂µ +
ωˆµ)ψRn(x) = mnψLn(x). Then the KK modes Ln(z) and Rn(z) satisfy the following
coupled equations
[
∂z + η e
AF (φ)
]
Ln(z) = mnRn(z), (3.43a)[
∂z − η eAF (φ)
]
Rn(z) = −mnLn(z). (3.43b)
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From the above coupled equations, we can obtain the Schro¨dinger-like equations for the
left- and right-chiral KK modes of fermions(− ∂2z + VL(z))Ln = m2LnLn, (3.44)(− ∂2z + VR(z))Rn = m2RnRn, (3.45)
where the mass-independent potentials are given by
VL(z) =
(
ηeAF (φ)
)2 − ∂z(ηeAF (φ)), (3.46a)
VR(z) = VL(z)|η→−η . (3.46b)
For the purpose of getting the standard 4-dimensional action for the massive chiral
fermions:
S 1
2
=
∫
d5x
√−g Ψ¯ (ΓM (∂M + ωM )− ηF (φ))Ψ
=
∑
n
∫
d4x
√
−gˆ ψ¯n[γµ(∂µ + ωˆµ)−mn]ψn, (3.47)
we need the following orthonormality conditions for Ln and Rn:∫ zmax
−zmax
LmLndz = δmn, (3.48)∫ zmax
−zmax
RmRndz = δmn, (3.49)∫ zmax
−zmax
LmRndz = 0. (3.50)
From Eqs. (3.44), (3.45) and (3.46), we can see that, for the left-chiral (right-chiral)
fermion localization, there must be some kind of scalar-fermion coupling. This situation is
similar to the one in the RS framework [21, 46]. Moreover, if we demand that VL(z) and
VR(z) is Z2-even with respect to the extra dimension z, F (φ) should be an odd function of
φ(z). In this paper, we choose the simplest Yukawa coupling: F (φ) = φ. Then the form of
the potentials (3.46) can be expressed as
VL(z) =
3̺4η2
[
acz + arctan
(̺
a tan(̺cz)
)]2
a cos2(̺cz)
(
a+ b sin2(̺cz)
) +
√
3a(a+ b)η sec2(̺cz)√
a+ (a+ b) tan2(̺cz)
×
{
− ac− ̺c
a+ b sin2(̺cz)
[
̺+
(
acz + arctan
[̺
a
tan(̺cz)
])
× (a− b cos(2̺cz) tan(̺cz))]}, (3.51a)
VR(z) = VL(z)|η→−η , (3.51b)
where ̺ ≡√a(a+ b). The shapes of the potentials VL,R(z) are shown in Fig. 10 and Fig.
11 for η > η0 =
2c√
3π(1+
√
a/(a+b) )
and 0 < η < η0, respectively.
From Fig. 10, it can be seen that, for η > η0, the potentials have the asymptotic
behavior: VL,R → +∞, when z → ±zmax. However, if 0 < η < η0, the potentials have
– 14 –
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Figure 10: The shapes of the potentials VL(z) and VR(z) for η > η0. The parameters are set as
a = 0.2, b = 0.8, r = 1, γ = −3, η = 0.255 (the thick line), η = 1.254 (the dashed line), η = 2.254
(the thin line).
different asymptotic behavior: VL → −∞ and VR → +∞, when z → ±zmax (see Fig. 11).
From Fig. 10, it can be seen that, for η > η0, only the potential for left chiral fermions has
a negative value at the location of the brane, i.e., VL(0) < 0 and VR(0) > 0, so only the
zero mode of left chiral fermions could be trapped on the AdS thick brane. Fig. 11 shows
that there is no zero mode for both chiral fermions in the case of 0 < η < η0.
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Figure 11: The shapes of the potentials VL(z) and VR(z) for 0 < η < η0. The parameters are set
as a = 0.2, b = 0.8, r = 1, γ = −3, η = 0.244 (the thick line), η = 0.154 (the dashed line), η = 0.001
(the thin line).
Setting η > η0, we can obtain the left chiral fermion zero mode solved from (3.43a) by
setting m0 = 0:
L0(z) ∝ exp
(
−η
∫ z
0
dz′eA(z
′)φ(z′)
)
. (3.52)
This integral is very complex, so we could not give an analytical expression. However, we
can plot the shape of zero mode by numerically integral (see Fig. 12).
Furthermore, when η > η0, all the KK states of both left chiral fermions and right
chiral fermions are bound states. However, when η < η0, just only the right chiral fermions
have infinite bound states. We first consider the case of η > η0. The Schro¨dinger-like
equations for the left and right chiral fermions can be solved numerically, and the bound
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Figure 12: The shapes of the zero mode L0(z) for the case η > η0. The parameters are set as
a = 0.2, b = 0.8, r = 1, γ = −3, η = 0.255 (the thick line), η = 1.254 (the dashed line), η = 2.254
(the thin line).
states are plotted in Fig. 13 (left chiral fermions) and Fig. 14 (right chiral fermions). The
discrete mass spectra for both left and right chiral fermions are calculated as
m2Ln = {0, 4.04, 6.77, 9.59, 12.79, 16.39, 20.40, 24.81, 29.64, 34.87, 40.51, · · · }, (3.53a)
m2Rn = { 4.04, 6.77, 9.59, 12.79, 16.39, 20.40, 24.81, 29.64, 34.87, 40.51, · · · }, (3.53b)
where the parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3, and η = 1.254. The
ground state of left chiral fermions is the zero mode. However, the ground state of right
chiral fermions is massive. The spectra are also shown in Fig. 15.
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Figure 13: The shapes of the left chiral fermions bound states Ln(z) for the case η > η0. The
parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3, η = 1.254.
Next, we turn to the case 0 < η < η0. Due to the shape of the potential VL(z), left
chiral fermions could not be localized on AdS thick brane. Just only right chiral fermions
have bound states. By numerical method, we can obtain these bound states, which are
plotted in Fig. 16 for the lower KK states. At the same time, we also get the discrete mass
spectrum of right chiral fermions:
m2Rn = {0.51, 1.28, 2.58, 4.26, 6.39, 8.95, 11.95, 15.40, 19.29, 23.62, · · · }, (3.54)
with the parameters setting as a = 0.2, b = 0.8, c = 1 and η = 0.154. The ground state of
right chiral fermions is still massive. The discrete mass spectrum (3.54) is shown in Fig.
17.
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Figure 14: The shapes of the right chiral fermions bound states Rn(z) for the case η > η0. The
parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3 η = 1.254.
Left fermion Right fermion
Figure 15: The m2n spectra of left and right chiral fermions for the case η > η0. The parameters
are set as a = 0.2, b = 0.8, r = 1, γ = −3, η = 1.254.
At the end of this section, we make some comments on the issue of localization of
fermions. Localizing fermions on branes requires us to introduce other interactions besides
gravity. In our case, when coupling coefficient η = 0, both left and right fermions could
not be localized.
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Figure 16: The shapes of the right chiral fermions bound states for the case 0 < η < η0. The
parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3 η = 0.154.
4. Conclusion
In this paper, we have shown the shapes of the mass-independent potentials of the KK
modes of various spin fields in the corresponding Schro¨dinger equations. In this way, we
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Right fermion
Figure 17: The discrete spectra of right chiral fermions mass for the case 0 < η < η0. The
parameters are set as a = 0.2, b = 0.8, r = 1, γ = −3, η = −0.154.
have investigated the localization and mass spectra of various matters with spin-0, 1 and
1/2 on a kind of AdS thick brane.
For spin-0 scalars, if we do not introduce scalar-scalar couplings (U = 0), the situ-
ation is same like spin-1 vectors, both potentials of the KK modes in the corresponding
Schro¨dinger equation have a negative value at the location of the brane, and have the fol-
lowing asymptotic behavior: V0,1(z → ±zmax)→ +∞, or equivalently, the potentials trend
to infinite when far away from the brane (y → ±∞). Such potentials suggest that the KK
mass spectra of the scalars and vectors are consisted of infinite discrete bound KK modes.
However, the massless scalar and vector KK modes could not be trapped on the AdS thick
brane. The ground state is massive, and all KK modes are bound states.
When introducing the scalar Φ coupling with itself and the domain-wall-forming field
φ via a Higgs potential for spin-0 scalars, we found that the coupling constant has a critical
value λ0. We have investigated the cases of λ > λ0 and λ < λ0, respectively. For λ > λ0,
the result is same as that of U = 0, but the massless scalar could be localized by fine-tuning
of parameters. However, for λ < λ0, the potential of the KK modes in the corresponding
Schro¨dinger equation has no well, and so there is no bound KK mode. We also have
investigated the stability of the solution of Φ = 0 inside of the domain wall and far from
the domain wall.
For spin-1/2 fermions, if one does not introduce scalar-fermion couplings, there is no
bound state for both left- and right-hand KK modes. Hence, we considered the usual
Yukawa coupling ηΨ¯φΨ, and found that the coupling constant η has a critical value η0 =
2c√
3π(1+
√
a/(a+b) )
. For η > η0 and η < η0, the left- and right-hand KK modes have different
properties.
For η > η0, just only the potential for the left-chiral fermion KK modes has a finite
negative well at the location of the brane, which results in that there exists only the four-
dimensional massless left-chiral fermion. However, both potentials of left- and right-chiral
fermion KK modes have the same asymptotic behavior: VL,R(z → ±zmax) → +∞. So,
both left and right chiral fermion KK modes have infinite bound states. Since the pairs of
left-hand and right-hand KK modes couple together through mass terms to become four-
dimensional Dirac fermions, the four-dimensional massive Dirac fermions could be localized
– 18 –
on the AdS brane, and have a set of discrete mass spectrum.
For the situation with 0 < η < η0, the potential for left-chiral fermion KK modes is very
different from the right one. When z → ±amax, the potentials have different asymptotic
behavior: VL → −∞ and VR → +∞. So there is no bound state for left-chiral fermion KK
modes, but the spectrum of right-chiral fermion KK modes is consisted of infinite discrete
bound KK modes. Therefor, for the case 0 < η < η0, no four-dimensional Dirac fermion
can be localized on the AdS brane.
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